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PIRIE X with zpplication to the czse 02 za-tliing z2znd 02 Zinie-

5
lon of observation; similarly, sect
prabability densities P(S') and P(%'), of
- <

they are obtained by the methods explained in ke przcedins
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o8 Lhe fin .
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of the quantization step.
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use ¢of such & receriinzg tize
- ’ ' .. . ! £, . P £ . IS . 4 7
L. v mlso the censitivicy of thne instrument., Thliz w2y we Iz7e

wilding a device for surmming the
, and to establisghing in tal
n zection III, VE and VI Zb

o, o P % Bt o
ive (further detzlis cn ta=
" opers - oo £z ey + o 5 o . e -
vharactericstics of this instrunent can be found in relerences L1,
! 7Y b 4
[ Y Cdoy H

, and reference 2, p. 3051).

il now w

[
o)

red the probliem of interzretin

e ha de nt ing irnter~
ferometric recordings scssentialily in terzs ¢f Imgproving Tis zizzelto-
noise ratlo by assuming that the charzcteristics of trs zigne: zrs '
sractically constant over a given time intervzl., In fazzt, zs It ZzZzs
teer mentioned, this sigral 1s sinusoidgzl only as & first zrzrezize-
zion, wnd, in addition, its amplitude and its reiztive thezss Tzr7

Ore alsO nscessary €5 evzlu
f the mathematical cperators usel on tr

vhe effect o ne gsignzl In orxd
! to deternmine the optimum curation of cbservatiocn,
“he meximum value of the time interval for which this éistorticn czxm |

e considered negiigible.

It 15 to thi

s two~fold aspect of the coptimization of tihs inter-
S snretation interferometric recordings, from the poirt of Tisw ¢

and from the point of view of the noise, that the secczd
this article will be devoted.
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IRST PART

. .. Let the Tunction

Jolt = 8oty -+ z4(8), be defined from ooi + oo,

[
s,
L

Ld X -
oS0l

) signal whose periocd T, is pe
=11 ¥nown in advance a limiting case, is a IC signal):

staticnary random noise of the order of twc, x=ise
ntistical properties are known. ’
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Lhie Sivetion is observable Curing & givern tizme Lntery

we LUl L0 obui:. the best puo-3itle runazurermens cf the arplizuie 2
s " ) . e 3 -~ - e -z -
o183 of the phase ¢ of the signal (that Iz, in effect, To =exe Use Co
_h o P Wt o Siiwa 7o = = Y S e~
=11 information contained in this Curation of ctservalicn), znd TS
voluate the degree of precision thus obtained. To this ellsct ws
w111 considar, separately and in the form ¢f waricus cocxiinmeticns,
hz onerations surmarized in the systenm élzgram telcw, zni we will
consider thelr effects on the precisicn of the 2inzl resulc.
The function fo(t) iz observei during the tize intsrval
o —T/2 <1ty + T2
' That 1s, it has been multiplied by }(t-:o) such thzat
‘mt-to) = 1 for (—TRLt<,,+ TR
. = 0 outside of that intervzl,
.¥itn the result that:
[0 = flt) Akt — 24).
» Py wvarious procedures thnis function 2, {£) is linezriy szccizzd
[
- . ; - . o! . . .
- conveluted with a function g(t). Pren the fzct Lnzt =

ctservation is finite, such zn cperaticn

Me—a

;& the initial noise into z ranéocz tut nen

PR ] Pr——
de RON=-3Ca.lCrz=r7

whose statistical properties we have studied in secticn 1.

cr

5 are specified in a completely generzl forxz, with h{t-
. . _ .

G

The smocthing operaticn can te carrieé cut by an electriczl |

titer {(block 2 of ¢the system diagrzm, Figure 1), b7 2 ==trem=ticel
cnvolutioe bl

i

G

n {block 7), by an integration over the iizited
't

2% &), ana more generally by a combirnation of tws o

’~‘ .. © e e e e e

o
f width T will

e

=3
noise, while pre

3 periodic with
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1ntegrat10n
over limited
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igure 1. Block diagram ¢f the operaztions cors

1s the frequency of ¢he siznz

er and such a window of cbssrvaticn
2l te an integer (or half-integer) multis
aﬁ,;on the one hand, it produces froz th
Signal whlch is identical and, on ¢!

£
4 b
‘making use of zll the information contained in :in

standard deviation of the noise afier convolu:

very cicse to:

G ==

is the spectral energy den

[
In effect the result [ of

¥,y of the same pericd
randen.  The cvaluation of S

cmplitude S oan

nd the phase &' of

S and

is devoted to the
of S' and of &',
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+he summation process will te st cied.

now, or we will recu.., in section Iv, chet the follcw—
are identical to a convolution ¢f the recoriing ¢t

L]
b & = k‘.'.

a) ;hc sum mﬂtion of X periods and the convolutlion cf the re-

" e
=ult with L. cos 2wyt
T
- 1 ’ - —— .
b Evaluaticn, for the harmonic o=z , CI Lhe Toiszr co~
®
afficlents which identically represent f () on the interval NT, and

poed out by the corresponding sinusocidal wave.

¢ Tre study of the sinusoidal wave of pericd TO *ticn T=zT
Lends itself in the least-squares sense to the reccriing of‘j;g%

’.:) Sn¢ Sur naticn of ki eriods anc the perfor=ance cn trnis
134
[¥]

- The result is, particularly for b), that the measurezsnt of S°

oot

£ ¢' becomes simply the evaluation of the Pourier ccefficient

Tor the narmonic vo.

(™
4% on z continuous function and from values
vprecision. In fact, the function is sazmpled in
- points at regular intervals T, &and the a=p -
se poinus will be quantified, tnat is, represented by =
such that:

0(0

Tne observed function 1S being sampled by zmeans of n peints ¢

Cirntervals T, then is convoluted oy a g(ti:
2
g’\‘} = :.i cos 2m ‘i°‘ :

m@m ‘ 1‘\’ (&'\IE "“
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result iy, lize before, a siruscidal wzve of freguency Vs the
»imoof 2 sinusoldal s ignal and of & sinusoldal wave with rezndcx
:mplitude and phase.

_ In oruer tnat the
:_c:so(t), 1t 1s sufficient that T be a
tH r

c.’

:nt from a whole number of half pericés. A4is Zzr gs tThe rolise
iz concerned, the sampling has the effect of inerezsing the stznézrd
! - ~ i % P

~dewiation by a factor which is 2 function of T and cf Lhs crhzrezier-
4 v e
42 e

ics of the filter which precedes the sampls
in fact the sampling consists, even as the lirita

(S
&
o
o~
o
[
©
0,
B
[\
Q
H
=
hﬂ
)

ticn ¢f the durzticn
of recording, of a multipiicztion of fc{t) 7 & funciizsn h{ﬁ-:ci,
more precisely, a "comd" of Dirac distrisuticns. The esnelusicrs of
.aection

I will therefore be directly applicazl
e topic of section VI, where a

——— -4 ey T b - - e X
a cey VG¢n n’u_..:"‘" Ci TesLiCsS H e
T et v
v

uantizatiqn will be recalled

r—r
e here. Wow

. Moreover, sven 25 Che szzzliinz,

_zhe quantization has the effect of introducing additicnzl rnciss w=ich

"i3 zdded to the initial noise x o(t) suen that th 2 Tizticn
ol this

s noise is also directly a function o

Fb
+

L2 craracteristiczz g
the filter. 1In this same section VI, the stuly of <ze effect c® k=
© electric filter on the sampling ané on the izatic ril z=

pre caced by some remarks on the third 2sp
ilter'

&)
'
t
4

(
‘1
m

that of a possible substitute o, or complex
‘form of smoothing.
¢l the electric filter have practically no effect
Lo-noise ratl

1o of the result of the convolution c? the recording with
%

,ramz vah Only the duration of observaticn T h=s eny

v ‘CC, GJ..‘» Ct"—‘-""
In particular we will see t

thzt the cherzsteriss:

-~ O = [
Cn: Lae Jirz. si b

&)

) ==

-
PP
PLIBCT

#3111l study the properties o
range" which cozbines

N isnld ol b

o]

the twg o=
This process offers the $wo-201d ecvant

ot introducing z phase shifs

nmemory” strictly limited to T

, ne signal is not known in advence, and
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: -4 tnnt the duration of observaticn will be sufli

ufficientiy iorz
in v ¢ the initial signal-to-noise rztio, the stufy of the arpli-

tude @nd the pnhase tan be carrled out two weys

a) Self-correlation of f () which allcws us to eveluzis Zze
certod of the sinusoidal wave, as well as its azplit

v.£ .
-,;...on';h : a

gnal-to-nolise ratio;

Py vodle el dYm
wle, ut Witz =z

Pl

with a2 gy =

(]

Convolution of () 5008 Tt with possisl

% lals for the values of v bracketing found izn z)

- Tne principle of self~correla“ion int

& sinuscid=zl
in the presence of noise, as well as some gualitative consicasr-
s, will be recalled in section VII
. In crder not to render the notation difficult, we will ccnsider
cach sesticn to be independent. In particular, ezch tire thes exgsct.

cperation is linear, by £(t) = s(t) + z(t) we wiil dernste

no <=
unction on which it is performed, and by 1(t} = 1(£) * F(t) tze res
_5ﬁ;t7’3 cperation. ‘ '
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A Linenr Smoothing. The Duration of Cuserwvzcion iz Infinite.

o(t) be an arvitrary functicn of tize Gelired
. If we apylj it to a lirear filter whoze
vo the Dirae distribution 5{t) (or,

vhe resulting output function is

a. Let the signal
-

rem e 1o o

to percussicn res;cnse?, 1= gl=),

i’(g)::f_; 340) git — 6; 4@ .

The conveclution product of so(t) with g(t):

iff) = 8{0) * g(0). A (23

Fcurier traznsfcrz:

+o0 )
Selv) = '/_:’° Bl e ds

o,
-y

ey
S
vy
ot

(4]

same holds for g(t), then eguation (2) leads tc

) (3)
Io(v) = S4(v).G(v}, |

—

/

(v) and S(v) are the "espect;ve Fourier

W oe

transforms of 1 (&3 /&
znd gle The frequency spectrum S (v) ¢f the funetion so(t} Lzs teen
~“'>tbc1 by the {requency response G(v) of the filter.

*, oy definition, a linear i

£o a function so(t} it gives a response 1 {
sing two-fo0ld conditi

)

on is realized:
401 02} “" 3@:{:.)"'3"';:“'1 -~ i.:{‘)-

sl =) > gl — =)\

r filters in general. Electric filters

Hers we consider linear ©
o] characterized by the relzti

s
W

Reproduced from .
best available copy
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~und 1ts correlation function

g(t) = 0 for t-< O.

In effect, the observed function is

P ]
z
0 = ) + xdf) (&3
tre sum of the signal s _(t) and of a particular sarple of noige
_ , & random stationary second order function.
glves the response:

-

L) ‘= ity + 5ol sy

#
with : )
. ' ,on
yell) = 24i) % 50 {5}
The randem function X (£) 1s stationary: 2ts statistical prez-
eryies zre invariant with Lespect t0o any shift in the origin ¢f Cims=
In particula

r, it then follows that 1fs average value

— 1 +T :
z (6 = % e .l:_! zJ8 #i;

¢2) = e / z;,il) Tt — =) dl_

cular sample, are ecual,

respectively, tc averags
teken. at a glven instant t over an infinlte nuzber of sazples.¥®
Follewing that, we

wlll evaluate these quantities in tmhe form cf
vern with respect to time. The szme property appiies to
= provabllity density ths

we will designate by P(x).

7 randonm function is of the oxrd

defineé by the data on %o Ct5w p(1),

and 2{x). It wi
e uesian o.

average vau.f- zers:

o“? =0
. i
™Iy = L et v
v . _ oV iw
* e qan find & discussion of guestions concerning randcxz Sumss
oo particular, In the chapter that A. Blanc-LaPlerre hzs Ssvoted
Lito taple in the book by A. Angot [51.
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The standard deviaticn Oy is defired Ty

‘ & 1 '/-?'zz 4“‘*
=, ' o - Leiej

KO S P I s

m = ¢l0;

Firally, by A(v) we designzte the spectirzl energy dexnsizy c?

xh(t}. By definition, it is the Fourier transform t“. crrelzticn.
function: -
. . ’ F d '\‘

had _ D TN

Alv) =4'/: AsjcomImwrds. . ‘

Just like p(1), A(v) is a real and even functicn.

The response y.(‘)'that the filter g(t)

produces Zcr z_(£) is
also a stat e

ionary random second order funetion, znd its

avVeres ]
‘value is zero. ts spectral energy density B(v) is, frocz tke .
wiener-rhinchin theorem, equal to the product of A(v) ané the scuere..
f the modulus of G(v):
B(v) = A(v).iGv) (&)
From this we deduce the correlation functica R(x} of Vo {£3: ‘
R{-:):[) B(v) cos 2z vz dv - H
&8 well as the standard deviation: -
- ' ‘ = oo . N ()
¢ = R{O) = '/ol AW {G{v)}*dv .
To summarize, when the signal so(t) and the noise x, (t} zre
”iﬂcigent, from = = to + =, on a linrear filter with ’requencv rassonse
G{v}, it has the effect of: ‘ |

!
’

ng the spectrum of s (t) by G(v);

multiplying the spectral energy density of
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Vi, n irear Dmoo,y T, ”hb Dur

In practice, the dura

tion of cbservation is lizited, and the
chaey VPd function 15 zero outside an interval
_ T
fo—: < tet .
This new function is represented in the fcrm
(103}
with - T
h(t) = 1 for “:;<‘<§
= 0 outside this range.
Trne filter g(t) then produces the response
(33
a1 L0 = 0 * g
= [T 0 EO — 19 g6 — B 4B = i + 5,06
-w .
with:
- (=2

i = [oglt) B{t — 1] * git)
Y ) = (200 AU — t5)] % g(0)

-
vl -
Y

i ¥

{=

»

taxing

the Fourier transforms .of the two ter—s of

12}, vie have a new expression of the spec~rum of the outczﬁ

100 = [Selv) % Hiv) %] Glv) .

(1

- )
Y ad st~ Reiil 8 s
Ao el G

X o

AELE.

wiere H(v) i3 the Fourier transform of h(t).

¥ “or 21l that refers to the Fourier transform of functicrns axd
of distribvutions, the reader could consult the work of J. Arszc [:
«hich alsc treats the case of ranc = functions.

ik

—
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iocause the duration of observation 1s limited to the windcw v
et ), xo(i} ;nd'xo(t) are no lorger linearly szocthed. Corseguent

as the nolse 1s concerned, the razndex func

bt S ove -u..vtiﬁ'."z y-l‘ {, 13 '.C‘& E
‘the statistical properties of the quzntitiezs y
siven instant t over an infinite nuzber of sizult

>
recu3 trizl
sre a function of t.

LeS  y{t =1, +a] be the value of g, at a distance a from

Ve + @

(15}

i

/W’ Z4(6) BB — ¢} gty + = — 6 €5

¥ to evaluzte the average value and the standzrd devizticn
v, (ly + o) .

Given that the random function x (t) is staticrary,
- amounts to carrying out these averages:
el - over an infinite number of trials ottained by arplyinz
wvnustion (15) to &an infinite number of sanmples x (t), @, exi ©
3 o
"~ teing constant; .
_;ff;q» or over zn infinite number of trizls obtazined oy &iszlze-
" 4Hp the

+ the window h(t-to) along a sample xo(t), while t v ries betwsen
: + », and a remains constant.

second aspect that we will consider. Tae result of

an operation so defined is (Figure 2) that z new functicn ¥ (L) cor-
responds Lo the function xo(t) such that: ' ;
o | - (18)
ya{l =ty -+ al =y, (t; + a) , .
- - - = S

or,- from Zguation (158),

e = [T aeke— g te—0
. ~
PACE |

[
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g .
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\ltou)‘ito(t}*'yto(t)ff/\r Coe co
A % 4

3

-~

'. S , l&\ yto( t)
|

A Yo (1)

A

Flgure 2. Limited duration of observation and iinezr
smoothing. 1In order tc evaluate the statisticzl Trozertles
vifle + @) W& cconsider the ensemble of y4(t) of triz3s cb-
tained by displacing the window h{t-ty) between-= znd 2=.
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oo sarticulsr value for t=t + a is: 4&

yon :
0t 77 2O WO —1 + 2 gt — 61 04

Tris egquation represents the convolution product: _

- an
yall) = z{ti * {Al—~1t =~ &).9(6] . ¥
i
The function ya(t) 15 tnus obtained from the nolse ze(t) 1753

vl ey

lirenrly smoothing the gain:

-~
pA
wm
Nypr

Jalv) = [H{— v) ] % Glv} _

(hi—1 = ).90].- | I

t {5, even as xo(t) is, a stationary randcz second criésr fuxc
+tion, and whose distribution is gzussian. It has

=0 | 133
and & standaré deviation Oy such that:

" -
o = '/o‘ A(WViJ (st dv .

whare A{v) 1s the spectral energy density of xo(t).

In summary, the standard deviation Sy of the fluctuztlicns wzich

the point t=t_ + a are superposed on the signal @ (f) whose spec-

1) = [S4¥) % H(v) %] Glwi’ B S5 §
T riven by
- h _ 1 - - : -
& = /;” AMILivIE dv - (‘1}
aivi: ' i
. : Jalv) == [H(—v) ¢} % G{v)
ORIGINAY — - : -
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Lnowne pregent case

, the funeticn h(t) which i

)
vipliez fc(:)
$5 4 wandow of width T and its Pourler transform nzs the wazlus
. #inT N7 B
H) =20, | (22}
: 14 . .
a7 oapeeonches Anfinity, H(v) approaches the Dirac distrizuticn 2(v)
a3 we are led T the e

ne correlation coefficlent C {1} rezair

=
¥
f¥'s
|-
-t

the two values Ty (e + &) and Ty (g +a« 3+ 7) wnick
L 1

wivn
R.(5) = Y (to + &) Y lto + & + 7).,
we obtzin (see appendix):
1 +* OO ( -
Rid) =3 [ A ) Tetd = v | -

, by a different approach, toc Equation (20):

-~

RS(O) == ci = -/; A(VY‘J(V),? dv.

a Sarmrling

ztlions above are applled to the case ¢f z sz
. the distribution:

61 ' K
;\:9 ff)izo <+ b 3¢ — {te =+ &)} )

) ’ . . 'y.v'. o
T=(m—1p & | o
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In effect, we can then write

g e, e

. . i ‘ \..N s .' ’
o {¢3) Lo vhe form: : ;f ey ( '
.--1 .

: A 4' ¢
R ATEORSERE R : | “\“"
- '. et

ree
-t
©
., “
()
-

1 | | "-
Gy | ' El | :
.'/;{:)r:/,u).h(lwio)- ! I E i '

. A N LT
| » s ot -
“with L s Pigure 3. Sa=pling.

Ml = £ At — ksl (25) |
k-v

Tre Pourier transform of n(t) is:

Hey) = et

k=@ ‘
- Tnis is the sum of a geometric progression:
- with the first term: a =1
- with argument: r = &%
. - with last term: m = e=ein,
and 1% has the value:
C mr—a’
A =7
oy

H'I v = tlE:?ﬂLT eiTvie—lit

R YT o .

by this value in Zquation (21),

we can tisxn
s¥zluate G, &% 2 Tunctlon of the width 1 of the sa:n;ina in
By thls means

1t 1s then possitle to deterzmine the ortizum

noise is congcerned: it is ths

relative increazse o o

section VI to the case of the cenvelubtion with =

)
(VM)

a rex=zins zceceepiekle.
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CONVOLUTICH WITH 4 SINUSOIDAL WAYE OF TiHZ ?
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Py~ u s ams
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A. - Lonwvolution and Cross-Correlation.

The cross-correlation product of f () with gft) =
for example, ref. {(161):

Hqg_[:j

t+90 by ¢y

4 -
see,

folt + ©) 46, 48,

or, replacin
M= [ uera —a

In the case where g(t) is even, this equat;cﬁ repr=

egenls thsz
convolution product:
k(t) = fqlt) * g(t) = 1{4).
t R
In the following, we will consider:
. ! \
gidy =4 cos 27 ve 8,
und there will be no reason to distingulsn between cross-ccrrelztic
nug cenvolution. We will use the term "convolution™ to designate ¢
‘ or the other of these operations.

&
0
~

9 -
: Y -z mo * ~z N=nes izt
: . urztion of Observation T. Convolution by T -
!
ey
& = {foll). ""‘“o)i = --VQ' : (2
L Whe

result of convolu

» & & - - "
Aanotne interval

tion of an

to—Ti2 <t <ty + TY3,
* in order to simplify the notation, we will o_it tThe
e Tollowing discussion, as regards tbe input ané output
st nnd o, "
i 14 W the

arbitrary functiocn fo(t) ghsarT



With tre vinuweoldal wave

R . . ; » ~T
glo) = 5, con2mugt ‘ (223
7 ‘

Equation (27) can be written as:

T ted T/2

-~

liy e 2 of L fol0) cos 23 v, (¢ — B d6 .

{-) +Tr - 20
f(‘)ﬁ'i,l;./‘:’n [,(0) e . A '

cos 21:\'.646] c0s 27 v !

’ bt TS ; " 3
-t [T /‘._‘T_" fo{6) sin 2 v, 6 d&} §in 2= vg b

iceh is of the form

{t) =o' cos 2nvel + b sin 2T vgt. €3

LA}
s }
(]

e
The function 1(t) is sinusoidzl with period To =5 tas
ccefficlents a' and b' are the coefficients for the v, ter= c2 k=
Fourier serles whlch identically represents fo(t) in the interyzl
e - "'-f ‘:
b te—T2 <t <ty + TR '
In particular, this is applied to
ol = &olt) + ()
Lhe sum of the sinusoidal wave
8{f) =Scos (2mvet =) : A
= 6008 2= v ! + Dsin 2x vyl (31)

and of

the nolse x_(t).

i\
(9]



SN

G “fTect on the signal.

By applying, for example, Equation (29) to 5 ( ), we cst

3 2] e
‘{“ =8 /l -+ ET—‘-':—“&:I-‘ + 2 M°T 005(4..7‘1.—;-2?;0«(2:\'.!- u;, v {323
\ 2r vy T ) 2um v ¥ .
with
. :.‘ N . . gz
“sin ?-@5—-——1-—? 8in {47 vy t.-—g)
v HAN tg pard .‘gT .t
= TR S ).
o+ S e T -

is arbitrary, the amplitude/é*d

»a

Yy m
Yihen 7
0‘

functions of to, T and ¢. It is to be noted trzt

relationships which exist between these ¢wo parameters, the axplitad
_enn equally well be larger or smaller than S, even a
deviation of the noise y{%)

pion'b). In

~

Gepends, at ezenr zoint, cniy can T

fact, when T is sufficiently large 1 : o
_ine order of several to} the quantity & 2= Tj2=,T  Deccmes very

- srall and the amplitude and the phase of 1(t) approzch these of
;;§;n the particular case where T is & multiple of TO/E, the resui

tne convolution is identical to the initilal sinusoidal wave

${t) == soff) = S cos (2% ve & + o)

T &, o

-Later cn, we will take 7T

+ NTO, where I is an arbitrary

b
:
¢
M

]
]
H
'

nY E fect on the noise.

Cnto the signal 1(t) is suoe“i mposed *nv function

y(i)=_$T’/’“ z,(B,cos-.v,Gd'&jcos-rv.t

. A SRt . WY
- 7 ./u«'rr: Z(0) 8in 3w vy B a&} sin 2x v &,
’f&.‘"oida* with the same per

3‘:& phase are random.

1od as the signzl, and whose a—~plituds

. pAGE.



AL oany point t o= t, + o, the averzge value of 7(t) 1z zerc. 4
> ~
&

The standard deviation Sy is evaluated from Bguation (21) ty repizcing

ti{v) by its value -
| Gl = o DY + v + 3y — w}

"It becomes: o
. Y
Juv) = [“_‘E___""T e”‘*"] :
1 , . R !
*,-I-.{‘?(VTVJTN‘I"VJ} A )

_ Bin =y -+ vT e
(v 4 % YT
ol

_‘,-sin oy —vgT ..
PR =T

4fter evaluation of W, (2, the equation

¢=17Ammmum‘

e
R P

£

' oo sin (v + v, T\?
ﬁ'ﬁﬂ AM{(zh+ng)

(fnzbm ) | (37)

" Lecomes

.- -

wlv—vg T
sin =(v -+ v Teins{v —vg T s
7y v Tomly — g T

<2 oos $mvg

Let us recalil that A(v) is the spectral energy gSensity of Ic{t}a
We put: o =141,

Ty

N e ' sin ={y + vg) T)' T
1 == ,/0 A(V) {(mﬁv w'— v,)'f__ . . ,

ﬁ
(a4}
(8 1}
ot

sin =(v —vg T\? , . L3
fn =y —vg T ]dw ,
Ay —vgd T : i
né
l, =2cosdnvya - o ’
' (32)

-/"“c Al sinwyv = vl Taainmiv—vg T dy.
Afv) ~ e v,
T T v Ton{y —yg T



Ir. the case where A(v) is constant (5 h te noisﬂ) &(v) = A

and we have -
1 == {}; ) ) . ) (":O)
and, for T + KT, (as we are azsuming here),
’ 21)
I, = :

Trnis last result is easily established ty noting tkat b
integral of Equaticn (39) is the scaler prcduct cf
its value is therefore equal to the scalzr product of the Foyris
transform of onengna the conjugate of the Fouri
‘'other, which leacs to:

)

~OC
Ig = 200541:\'01/ k{t) e=0 k(D 550 &t
-l . )

+ 5
= cos 41T vy & / T emw dt = Q.

-

(5]

In the general case, the quantity o remains very sm=3i1 =

0
Q

i

t¢ I. Fer example, when A(v) is syrmetrical in &vo, arnd hzs its
maximum at v = V,s ¥We can ezsily estimate Ia by:
¥ o~
ag
A, ¢

ity ! —_—
I <pwT,

I. = 2cos 4= vy afl, + 1),

.--'-th
. v sin (v + v,) T.sin w{v — v~°) T g
L= f, A® AT v T —vgT
\ sin? .‘,:T
=2/, e SR s
- 1
- < 2 s
N L A/ e
and .

L= [ A RT T v Tin my — vy T

2 ={v ::—v,,! T.mlv—v) T d'

ro [ ! '
<A f, HrE vy

vy
33
e
8 &
[0
2



Comparing Zhuations (40)

and (42), we Y
| i 1 €2
] 10N

Although,
function of the distance a from the origin €
an aﬁproximationgﬁhich is better as
true when A{v) 2t constant):

. e 0o #in (v <+ vg T3 °
iee = [Tao [(EESE)

c? e
i is larger (and rigorous:

(55}
CLofFn ety — g TV :
+ ( :\"J—v.}'f—"} jd"
2n equation that can also be written as: '
NP St sin =y — v T\? £12)
éf&‘l;AM(m—wT)“ '
ty purting '
Al—v) =AW
The function
. sin%(v—v.)'l‘” LLEY
] 118 — - L 1
v ( =y —vg T ) -

%

.13 characterized by:

its zerces equal to 2/7T. 4
!
- & toval areza equal ¢o 1/T, the areaz under %the sécondar? ictss
. p ] -
“velng less than 1/5 7. P

In Figure 4 the natched a

o]
(14
m
+
(4]
k$}
vy
14
(]
r‘.
[72]

is equal to the square o

e . o
wnllie the area c;==Ja AWv) dv
: £ of the noise xo(t) on the recording.

| ' | Q
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- a main lobe centered on v= V,»> with heigat 1 and width betwzen'
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A

Wiiere B pepresents
zording.

et G

[ R

Figure 4. ‘liolse energy after convoiuition with & sinmzsoidzl
wave. Practically incdependent of a, it 1s very clcsely
approximated by the hatched arez.

“The 1improvement in the signal-to-nois

®
*
n
ct
'Jc
(0]
}h
w
o
Ly
3
W
ry
Q
"
]
([}

o3
&

:ich we can evaluate graphically.

the bandpass of the filter %that precedes £os re-

P

1]
(53

PN A LI )
a recording duration T with 2 git) = (2/T) cos 2=v,¢  nes praatic
¥ the sane effect on the noise as a filter with energy g2in UG
t0 which this noise would be applied for an infinite lengiz of Tize
Yn the other hand, Equation (47) makes it apparent tzzt, cnliy
&

row the polint of v

3 s Eotne L ad
anl S e

Sease

IS
[ 5]

it went threough

- - s < <
reclangular fllter with a Zzndszss =a-
LT
e . . L i JR . . 5
<% 25 to be noted, as will be reczllied in section YI, that th:
:‘v.
| Y
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Tne olfeet OF cuch & filtuL, the frecuency gair Gt (vy, 45, in effect,
to multiply by the same factor [Galv): “

- the amplitude of the sinuzoidal weave;

- and the square root of the spectrzl enerzy density cg tze
nolse at the frequency v_ (nence, from EZguaticn (&7), the Zizzal
standard deviation of the noise).

4s far as the correlaticon coefficient C,{z) Tetween Twe 7Tzluzz of
v{t) separated by T are concerned, ¥e can snow thzt 1t 2 Tust Is

o;, practically independent of a ané has the vazlue {see grpsndix}:

Coln) == C(=) = o 2wy = - .

(2-22)
“" i - . - b3 - - . -
C. Determination of the Amplitude and the Phzse of the Sigr=1.
Since the result of the convolution with & g{f) = (2T) cos 2z, ¢ is
a sirnusoidal wave of the same period as the signzl, ani wocse eoTii-
tude S' and the phase ¢' are random guantities whose averzge vziuss

apprcacn S and ¢' (wnen the signal-to-noise ratio is

[
-

nizz), Tzl

vation of these two latter quantities consists c¢f measuring S' zzd 4!
¢ study of the statistical properties of S' and &' Is the tcpie

of section V.

D. Remar¥: Integration of a DC Siznel.

There 45 an anzalogy vetween the convolution of 2 sinuscidzl wsve
in the case of 2 perlodic signal ané the Zntegration in tre czs= ¢
n DC sipnni. The latter opera ion rrespcnds, in effect, Lo L=
iiniting cacs

:5
<
O
=t
[
ct
',.l
o}
o
=,
o)
(14
3
<

a co o @rproacnes zerd, s Zguaticn (28)
feorenlaced by z(t) = l/T. As we will see in secticon Vi, Zzuaticnos
T e N - e 2
(377 and (47} then become, respectively, o= / Al {—= T &
s ] =T -
e ’
[+ =
Cowhiere AO this time 1s the spectral energy deﬁsity ol :hq}:cise gt Zre-
©omuency zero.

—

- ‘S’ vu&——-‘ .,.,-.55

~N



III . "'Yﬁfl/ANIO“ .

This process of improving the signai-to-noise rztio usel mesti

in radar [le, 147 1s applicadble any time we dezl with z periciic
siphal. We have used it [32] for interfercmeiric c¢iservaticns Iz
radl

¢ astronomy, since the signal is sinusoidal, WYWe wilil Zi=ng Iz

tre above-mentioned article, as well as in rsferences i3 axd 213
some exampies of the degree of improvement that It zliows us to .
talin.

* Sirnce the function £(t) = s(t) + x(t), cel2
STy + NT

ané zero outside this interval, is édividscd
secutive segments of width 7T o? by sum:ation we refe

T ©C ths coem
tion which consists of zdding these N segments zxzong each_cthar
7
X

Flgure o).

The result of the summation is written as

>

. . B I'4
1 ¥z . .
ity = =X E fit + £T),
< i<+ Te

equation expresses the fact that, correspo*d¢n~”‘o the
part £(t) of Ao(u) defined from -« to + «:

, UG =il At —tg
with '
_hl(t) = 1 for 0<:<XNT,
= 0 outside this range,
there is the part 1(t) of lo(t) also defined from - = to + =:
- f—. ) H{)) =l°(£)h‘!——“‘l“ - -
with

to fo(t) Yy the egusticn:

g il N

(R84
)

Ou ?OQR'QUALIFE



10 = LT 4 o | (51)
f 1 'i;.d - P ) .« .

Prom the study of 1 (t) we deduce the properties of lgt). Equa
tion (51) can be written as SR -

v L o
40 =5 . 1 # 30 4 TR

which is the convolution product ' e

h(‘)-lc(l)t‘-23(l+ﬂ'd— -

-
vielg o ®

A
)
£

bt 4

i The function 1, (t) is thus obtained from f (t) by the 1insar’
smoothing of gain:

\

;m PORRDTERN

0y
?

G(v)--ﬂ.L:.r""""" (33)

; )
.

-
v PR S WA
D neve WY 6—,..!!-_..“5‘1; o

which is the Fourier transform of U 3
R = S )
RS T 3¢+ Ty
. .-., - -
that is,

_smmu\'l‘. am {2 . o (53)0

W T T T T T T

. , .
D Y N

S
5]
=
19
-
. .
. . -
- .« 7 > T . " ‘

) v \-) . . - — '
‘ ' S I e i 3
# ©C B

L C PR et s e >
R T 4 ¢ ¢ 3 . ’ " ) o 3 e :“ -
' A . ¢ R .. -, . .- .. P
. £ s - A +« 3 : < % A # g <t -.:
O . . . . - - 54
>, . AT £ .
. I LA S t.’T. t o, R . - ‘
' ‘ R . R B ’ ] - * w2t ~ 2
: : T : ' 3 hd o+ A .
4 - I Y . N ‘- .
- . b E CE  ve s & -F - *ay
oo We ol g W o2 - ,... PRV Y O/ AP ST

Figure 5- Summation principle. e : -



A. Effect on the Signal. ' Y

As tnr as the signal is concerned, we have

1w} == Sfv). 03,
with a
s.m-?'.ws(v gg s(v--,.v (55),
which leads to
| C e fin w, KTy) [8 M““" ul y
i (B (i o
L o .+§,-u¢-w-m.3(,_‘a} , : \é

When T, the width of the elementary segment is equal to 1/v c,__.{ﬁ
the period of the sinusoidal wave, then: :

ey o e e ey

’.(i) -80"8(\' +. v.) +, 86"‘"8(1—-—1) - 8‘1’,
and we have . .
WD b0 A U 1) = Bocn CRwgt QO - GG

We rederive the result, evident a priori, that the addition o:;
_ N periods of a sinusoidal wave in phase leads, after divisioxn by X,
to an 1identical period of this sinusoidal wave..

If T 1z seen to be different from llvo, the function i (t) is
alnusoidal wave with an amplitude reduced by the ratio of sin -:.SI.}‘S
sin v, T.. and with phase equal to: :

{o + xviN '.—}) Td.

In addition, the part of i1(t) of 1 (t) is not equal any longer
to a period of 5 (t). ‘

pre oo
g o
34 00?,200 ,



B. Effect on the Noise.

Applied to noise, Equation (52) is written as:
LY==l % o0
The function y(t):

v(l)-~ Z 2.(¢+ 21').

b

with:

FRIPINL A

is part of y, (t) taken over the interval ‘& {t,f’-i{_r; . Its statis:
tical properties are, therefore, those of y (t). '

The spectral energy density of yo(t) is

"B(v) = A(v).|GO[% © ;
with ‘ _ S
oo = (Femr) - - s8r
Prom this we deduce its correlation function
| n(r)-/'n(v)mz;v{h:'
that 1is, .
R(f) - _/" Aty (;“n’;"‘ g:) eotz'xvr—d:::fi : (594
and 1ts standard deviation oyl
| - 3 (50)2
w0 - /o (EET) ] |

The function

1G(v)¥, » which 1s .periodic, includes a series of
main lobes:

. v

at intervals of llTo
- of base 2/NT,
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- of total area, including the related secondary lotes, equa]é
‘to 1/NT,. '

In Figure 6 we have shown the product of [3(§* and A(v). As the;
hatched area 1s proportional to o:‘; and the total area-is prc;sﬁic:zfli
. to 002 (square. of the standard deviation of thefpp;§e before sumatigr

P e

the. improvement ;n,signaletgonbiqg ratio due to the summation:

: . £ry’
o - S, (¢1)°
T - Sioe |

‘ ‘

can be evaluated very simply from this figure. In general, it is a;ﬁ

proximately: U ;
fr g \/i"} o : (€2)

The minimum value of og: .

. 3

- - A' » (63)‘;

is obtained when the filter that precedes the summation has a'band—%
pass B less than or equal to 1/T_ and centered at v = 1/T . 3

#
3
P

These results have been obtained initially (Vinokur, 19533 by -
| directly evaluating the correlation function R(t) of: B

¥ - l'l—n A
W0 =5 T =t + .
N -5 [ 21 ] S )
From Equation (59) we then deduce the spectral energy density <
the noise after summation

b feinmeN T\
B0) = A (FmT) (6%
thus rederiving the Wiener-Khintchine theorem:
1 B(v). = Al |G-

in this particular case.

In this form, the calculations are fairiy long, and J. A-sac
{2,‘p. 309] has shown that this question could be treated more sim:
and more logically by starting from Equation (52). In the book :¥

36 . . AL PAGE 1§
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Pigure 6. Noise energy after summation.

Y. W. Lee [16] we can find a demonstration of Equation (5%) in an
analogous f‘orm.‘v- - : o

=



IV. OPERATIONS IDENTICAL TO CONVOLUTIOH WITE A glt)= (2/T)cow 2y &

A. Summation of N Periods and Convolution of the Resultl witn =z

901) = (3/NT,) cos 2xvy &

As far as the signal as well as the nolse are concerned, there
is an identity between: ' ‘

-' the convolution by {2/NT,jocos2nv ¢ of the recording tazen ove:
the interval T + NT, (with, let us recall, v, 1/"‘ )3

- and the summation of N consecutive seg:nonts of uidth T
followed byv,‘the convolution of the result with (2/T.))cos2xv,t..

In ert‘ect, we can easily establish the relationship

.‘ "1‘/“ [,(O)eonzxv.(l-—a)ag R (65]

J‘
-~ vl I®=3 : " T 2t s“ R g
? . T.f [N E.IJO ~ Lo . .
o & ! LS «i
starting from v : +rm]°“z*"(‘ ,:’.?;'..
[ - T Ed P t‘”?"'—-ﬁm

LT O+ T oon2nviy— O .
‘ ;ﬁn._ m[.(ﬁieos‘ﬁ:v,(t.-—ﬂ-!— él’)“.

(2 Y

- o . -~ * . e IR R

L v X4 1T, ! ’ o
T f l.(°)°~2* W@

Furthermore, we verify that; for the noise, Equation (37) ap—-
. plied to'T + NT '

-ﬂ’ - ’ ‘ "!r~:;
' _ : e e “A'(‘) pl(")??t.s e,
1s 1identical to

N '/”. M ‘ (‘inmrnvxv'l‘ ) ‘J""’ 3, g

...-‘h

- On the: other hand, as was seen in section II, we can writ;e, W
‘a very good approximation {Eguations 44 and h'[)._‘

_ - | 5 “T:':' B
38 B > QRMGIIA Tl



Now, this is precisely the same value

(e s 663)“.5

that is obtained in the case of summacion alcne, when the filter Wm

which precedes it has a bandpass E less tham or equal to 1/" ars 1%
centered at Yo

= 1/T (section IITIB). Thus when the rilter <

ficlently selective it is useless to carry out the convoluticn
pi6) = (3/T¢) cos 2m v, 3.

ts sul- %

ih’
In this form, the convolution therefcre zspezrs
to be a process complementary to the surmation, a process which ak -
loWwsa us to obtain the minimum noise energy regardless of tke

fi:;,g
selectivity of the electric filter, but which is superflucus wxhan
latter is already sufficient.

B. Resolution into Fourier Series and Plot of the Term witz

quency Va.

- W
s

Gl

We have seen in section IIB that the result 1(t) of the coorolu—
tion of f_(t) with  (2/NT,) cos 2nve¢ on the interval x.—-xrpdstm
is sinusoidal with perilod Ty

= l/v whose coefficients are +:

UM-’S',
for the Vo term, of the infinite Fourier series which identlczlly y.
represents the recording of the signal and the noise in this interval.

In practice, it is simpler to obtain 1(t) and then to evaluate the
two quantities:

. "'2" +’ T -
»;c' KT I.(O)eolzxv.adﬂ

P

3
hT f ’.(O)MZRV.ON: v
W2 .1

and to form

i) ma ooozxv.t-i- Vs 2xve L,

%%:Irooa QUALITY



C; Study of the Sinusoidal Wave by Least Squares,

Until now, the processing of the recorded data has essentizaliy :
been considered in terms of linearly sroothing the frequency sgelira
Because the signal 1s monochromatic, it is, in effect, mormz2l tc trj;
to reduce the contribution of frequencies other than vy anéyvo = §
order to reduce the standard deviation of the noise. 3ince tize ilezal
filter is one that does not pass frequencies other than v_ ard - v

"
- ek

b
(for an infinite duration of observation) we have therefore consiiem

the convolution by %{6) = (2/T) cos 2zv,¢ , 2 linear smoothing of gair.:

- — W

—‘.’-’r

(35)
G(v) - [8(v 4 vg 4 3(v -1;}.4 =

Another possible approach for improving the signal-to-noise rztic

consists, this time in the domain of time, of studylng the s;nusO¢da
wave of frequency Vs wnich best lends itself, in the sense of .east
squares, to recording the signal and the nolse. It 1s falriy rexary
able that this second approach leads, in the case of a sinuscidal

wave (as, moreover, in the case of a DC signal), to an identi '%
result. In effect, let: o

1L —Aooo21:v.t+‘3lm2tv.t,i

be a sinusoidal wave of frequency Vo such that-

ER Y nad TR T

1s minimum. This condition is realized by A and B such that:

’aE dE T
~3 =

that 1s (1, p. 671:

v

A \-r. f" g ;.:a; cou 21t v, 0.0 ©

+ XT3 s

_ '> {51
B = T, Juwrn, 40 “"”5-"._5??“—;
We have then, by comparing gquations {(66) and (67);
_ A'; L (6t
ORIGINAL PAGE I3 wB= b’ :
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D. Summation of N Periods and Perrorming B or C on the Pesult.

For a recording of the duration '1' the operations defined Iz :
B and C are identical to convolution by 20 = @T)es2a7,e] =~ The
conclusions of section A therefore apply immediately. -

ORIGINAL PAGE IS
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V.

DETERMINATION OF THE AMPLITUDE AND THE PHASE OF TEB SIG"&LE.

DISTRIBUTION LAWS.

points separated by T /k

with;_l

L2

Let: U oyt 5 3
' . ) f 1 +vmz".‘-s'”(2".‘+

Coem « um e 4 u PRl B i 5 BB

be the result of convolution by:
S99 = GINT oo 223, 8

of function:
| 140 = 046 - 240,
observed in the interval:

| T 0T IR ¥ TR
We have put: |

e

hh&- 5

(31

,and we uill‘assume in the following that the noise x (t) is zaussia

The values of S' and ¢' can be evaluated from two arbit*ary

£ : ':.:".i v
s- _\/p(t,) +p (t,+ -‘_') - f;i:;,

A=l Tt
? M‘ﬂ"—-—“"‘:r-—— Ixve o

"')’ DR SE I - e L

TUG) mBoos 2RV £ Q) T O T H

Pl *i’ “
?’l(l;+T)—-—8'nn(2xv,t.+q')¥ , :

(6!

In parpicular, for tl = kT we derive the Fourier coefficient

oy

T S,
. - 1

Twryee T
(E,T.,+ -(—) - v’, f

Y e reewma e

(Jc-ﬁ—- KT f.(ﬂ)emim.ﬂ“ ;_;‘

-l /“‘"’" 8 ain 2uv. 848, -
L T RT, Jugra 190 sin 2uw 8 ‘h



By putting: .
. by - by} &
and by replacing 1(t) by its expression:

- K 0 4
with: .

U0 = 4J0) = 8 cos (2xvet + 9):%

The Equation (69) can be written as: )

2 %

/tc.u.+u)+y(t.+«)r+ [n.(t.+-+ )+'('-+‘+ )] ; (79)-:

et a ok TRyt ke £ T " v

M ..Am' Whtatyhte s S 0

In particular, for a = a, such that: ;
Tl G = T -

we have: .

R s Ey (. '."

,_ [ .‘—b-*‘qv ] ‘
PR "? Y c.mc . -1,
by putting:
e gt + u.» TeTTTTTITY

E I 4 >

-5, f' o z.(e)euzm.m; .

v &
tl-y(¢.+¢.+T.) " -

P .y . ) .
BT AN TN Y
[ §NT. =Nt g :

PRS-

A. Statistical PrOperties of “y(t, +a) and y (t. +e +-)

Just as we have seen in sectlon IB, the quantities s - :)*'*

¥ AL
ylte + & + TJ4) are, Just like x (t), stationary random seccad crdsr i

i {ti gl
functions and with gaussian probability densities. They have &n i

average value of zero and their standard deviations o, and Gerw
are given by Equation (37).
Equation (A=-12):

Their correlation coefficient is frcu{rr

. P AG ::5;
ORIGDNAL * oy
_QF POOR quA 23



particular the same holds for the Fourier coefficients €, ari € c.u

" The quantlties a¥ and

their sum, which we will designate by:

, from the equation (73) by replaclng

C- (T°) 4 con 21“. ('E‘-') -0.‘

e

These two quantities are therefore practically indeperdent. In

fined by the Equation (73), and we will make use of this fact to s“ué

the statistical properties of 3*' and of &°*.

B. 'rhe Energy of the Signal and the Enex;g of the lioise.
Prom Equation (70) we deduce:
| o ’s"mw rtz.;-a;+w¢.+-e+~'rﬂ§'

or: |

Oy o

Wevsy Aare evaluated from Equation (37)
2% = ok + ohyruad

the cross term in [%7%os 4nvye disappears, and we have exactly:

f'r"*‘

-
20' -2, A(v) ('“‘ u(:(:-—vs.l‘\;?.) dw.

(75

To the’ ‘energy of the signal 82 is added the energy of the m:s

%% not too different from 2A /T (Equation 47).

. Otherwise » and this time in an approximate form, we have:

W (7
Similarly to the case of the summation, Equation (75) =s vaLL
the results relative to the case where there is sampling (sectio“
B-b) ‘\ave been initially obtained [32] by directly evaiuating
: ' =t2+¢§-

TLRL L p{'r)-:.(n :.(t--g)‘

Ly o ORIGINAL PAGE IS
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by ite value:

-g,(-:)- /‘-: A(v)ootztwdv.

~ > \’.l‘ " » « & e .

Relative to the study of spectroscopy by Pourier trans? c*mavLcn;,
Madame J. Connes {7, 8] has, in an approximate form which amcumtis uc§

-n1
neglecting in  [J.Mi% (defined by Equation 21) the cross uern'wt¢ﬂhﬁ

contains a, extended the results of this section to a 6.uﬁral case

where the function h(t) which multiplies f (t) is artitrary (see also
the work of J. Arsac {2, p. 326].

c. Distribution Law of S'.

| We seek the probability density P(S')fof:;.

n»-.«r»

F Ve TR

with: U
: ST ' Lo ™ Ty 1) . ',"R‘
’ tets =0 z

T |

G FET

i
. 3

For a different problem, that of determining the distrituticm 7
law of the envelope of a carrier signal onto which a gaussizn nsisé%

i3 superposed, the probability density of an analogous quantity S'
but with b = 0, has been equated by several authors (for exz—pie, -

see references {10 and 11]). Here we t¢xe up these calculatious bﬁ
generalizing to the case where b # 0.

a1
=1

- Let: 3}’ o
. ;z)n“-*_‘.

GE Y me b — Iy
POO QUA I ITIIB.’ SRR

%



The probability of having .
" both x and y, respectivelg equal
to two given values or a probe.

ability density at a point M 1n.ff

the plane (Figure 7) is:

i

RS S S (S L AT "m¥

¥ -

s - v 3 e
y T & 2 r = <
- i . T O i

FE YO

SRS TEE" MY S
] - “‘.\“'a‘i

. - RRIRE PP Y L P ‘ v 2
Pl L g i‘(” l‘(y) - 51:0‘ v w8 et . '::“, .I N - ]
‘ IR — b L . o e
. e “p[ "f Ja)-;‘?-i- )']‘ _
oy oW ." .y dy 2 ‘ M4 a3, jal Figure 7- Geometric Tepresenta-

Replacing a and b by their

» and expressing S' and ¢' in polar coordinates, we obtain:

tion of the composition cf‘tae.?m
two gaussian laxs.

values a = S cos ¢ and.b = 5 sin.¢

7; B "Y"'ffg“?i )
Sl T s an
: ;:‘iv' ‘ }8‘-}-8"—-288'00-(? ) m'l;
; J. exp{ ' 25’ ']
- Ve e ek R
.; |
As the probability of tinding points in the surface element
ds = 8! as' d¢' 18z b o
: MR Pbppxs'a'h' 3 "
ve haVe:”;f?7' :
. r - S — P o s
r(S') &ow r..s'a;. 1 (78

R e PIT T .p

that 1a:>:°5*

Sy S T e
. .,P(S') -m

<

3
-

)

L

Sy
.. exp [S-—-————-—-m:f -?)] ‘9‘

This 1ntegral is easily expressed as a modified Bessel ’uncui

_of the first kind'I (z) and wve

finally have:

Gﬁ‘s

?b»p‘l\

P(S) - ;;J. (SS) exp [

'

0@@5&’

46 0‘3

EEGAOAER
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Figure 8, from reference
{11] represents P(S') as a func-

tion of S'/o for different values
of the parameter:
A
the ratio of the amplitude of
the sinusoidal signal to the
standard deviation of €, an§ €.
Let us recall that o 1s V/BNT,
times smaller than the standard
deviation of the noise in the
recording from which we have
evaluated the Fourler coefficients
(Equation 49).

. "" 3 T Y | ._l , L i » j

-

-

L
5 i
s cnade

Pigure 8.

oL R i

—~ - o .r? Of' :

Probebilitsy
the amplitude (S 13 the Lrus vzlue
and o is the standard deviatica i
of the noise after coxvo.uticz
with a sinusoidal wave. S

Average Value and Standard Deviation.

We have:

— vm———— .

B[ ereras”

A== - [T

These quantities can be expressed sircply as a functiom of S
g X 'S

of 0 in the two cases .--s-«l;
. 'd

-

g
2
B 2y

TaE
- 7%

o »

» 4 »

A
A

1
1

P

53

In the first case ‘_u—so-ez 1.. Equations (80) become:

T ™ 2
E) . AL
il “ (8&1).-.



When the ratio n = S/0 is small, added to statistical er—cr
characterized by o is a systematic indeterninacy in the wvzliu=s cf
as the average value of S' is a function of ¢ (we will ©

ogous conclusion deduced from direct evaluation, procﬂedinb
and °s' in reference (7]).

This indeterminacy could not te elizi’rzteg

except perhaps by successive approximations (it is meanwiile ,,ssihle%
to obtain an approximate value of S at the price of an indeger

{
- rF <3 &
Lert

evaluation of ¢ either by calculation or by statisticzl studzy ¢ tue

recording of pure noise x(t)). This shows the advantage tkh

-~ & >
- >4 u‘..'.‘..:-..

is5 in not carrying out a non-linear operation which is the evzicztiIom

of S' by Equation (71) which once obtained <the best possible siz
nal-to-noise ratio.

Thus, when we

have a recording the length %
it is recommended:

r RTO at our éiszcsz

- that first the summation of the N periods be carried cut,

then the amplitudes and the phase of the sinusoidal wave of pericd
To be evaluated from the result;

rather than evaluating these quantities independently fcr

each of the elemental periods, and then carrying out the aritimetic
-average of the N separate determinations.

- -

2)’) l.
P .

-
-

We have: h T

. v

=S 14—

. B, 82
; ( 2@). (&

oy =

The average value of S' this time is very little &ifferent ra

S A3 to the standard deviation Ogs it is practically egual %6 tha

of ¢, and ¢, , that 1s, the standard deviation of the result y(t)

of the convolution of the noise With g = (2/NKT,) cos 2xv, &.

S
ORIGINAL PAGE
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Furthermore, we see from Figure 8 that P(S') is very recidiy _
approaching a gaussian distribution centered on S. %hen tke qua=titly
n = S/o is large, the signal-to-noise ratio of the amliitude of <ie

signal to the standard deviation relative to this amplitude Is very

i
close to:

2

§_5
Gy © O

(23)7

which, with Equation (47), is: , S
=\ &),

D. Distribution Law of ¢'.

The phase ¢' is defined by:

—

o, L bt+e ' (72?1-‘
T =
that is:
‘7?' 3%‘

d
-

The respective signs of x and y indicate in which quadrant tze zxnzle:
¢' happens to fall between 0 and 2w. Its probability densitzsy P(@')iﬁ
i3 evaluated in the same manner as in the above section bty writinz b

that the probability that the phase ¢' should be withia the elementf
aé' 1is: : e - i
UL EL At Ll @

Py is given by Equation (77), which leads to:

R R e |
RNy AN

rs . . H -&
‘exp

-

[—-S'-i- S"-—ZSS'M(Q'—Q)l

— 7 S il

After transformation, it gives:

. &9



=

<

P(p") = exp [.. ?__.ir‘_ ‘2(;{ - 'f)] x

[ e =)

. ‘Vé_;‘ < ] :g
v 1 — 8 cos’ (3" — ) . (E5):
. RT3 [ o ] i * e
with: . - :
. 1 re ? » . Ni,"

which is a function related to the errcr function and walch Is found’
tabulated, for example, in reference [9]. The sign in front of

X [8 cos (9’ ~ o)fe] is positive whenever cos (§' - ¢) is positive,
and negative in the other case.

In Figure 9 we have shown P(y’— ¢} as a function of (o* - &) for
various values of the parameter 5. Co

H = ; . >
L] s

When S/¢ is large, this function approaches:

B[R —e]
Plg) = = o [~ — 9. - @

which 18 very simlilar to a gaussian distribution, centered at ¢ = (

L 2l &

and with a standard deviation:

al:n

6'-==

where °¢' is expressed in radilans.

X an » o

T 7% T 3§ § *vr

Figure 9. Probapility density of the p—hase.'
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VI. PROPERTIES AND PUNCTIONS OF THE ELECTRIC FILZER.

B A

The electric filter which precedes the convolution (biocxz 2 in.
Figure 1) serves a double purpose.

First of all, it 18 directly involved as the linear filter tZzt¥

. z_i

allowed us to improve the signal-to-noise ratio, and in this rezzré L

~ it could be considered a priorl as a complement or as a possitle f%
substitute to convolution. i§

>r T

Then, and this is above all, what gives icportance ¢o tais 22I-.
ter, it allows us, at the price of a slight reduction in the 2irz:

signal-to-noise ratio, to reduce to a minimm the quantity (254 éé:a
to be used in the calculation.
forms:

On the one hand, in effect, tzs §

tze &
noise after filtering, has a statistical memory related tc its ccr-
relation function [5], and the result then is a certain

~vn .
W g i 0

sampling and quantization.

redirnisnce of..

data which allows us to use only discrete values obtained 5y saz:l;ﬁél

On the other hand, because the signal is contaminated by ncise, it isc'

sufficient to carry out the measurements with a precision as low as. 1;
the signal-to-noise ratio is small.

,%'
.- w;{

'.‘

These three aspects of the electric filter are considered in.ﬂhat

follows. ;aé
o

i

A. Smoothing §§%‘
ey

The electric filters are a particular class of linear filters '+

£

characterized by the fact that the percussion response g.(t) is zero

This 1s done in two complemern<ary -+

¥

i
for t negative. Corresponding to a periodic or constant funcsicza %%.
f,(t) applied at the instant t = 0, is a response 1(t) which evalveSZy

from a transient range of periodicity toward a permanent range zp(t)
such that:

i) = 10) » (0. :
AL |
1G PA

QUALITY
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a. Tranaient range

The transient range, defined as the time at the bezirznirg ¢l
which the amplitude of the response function is but a fracticn c?

that corresponding to the permanent range, is of the order cf tze

inverse of the bandpass of the filter. For exarple, in the czse of

a narrow band filter, Kipfmuller, quoted anmong others in refererce.
{25], has shown that the time At required for the current tc tass
from the 10th to the 9th tenth of its final value is

At —9—';1- |
where B is defined as the interval between the frgquencies fer wﬁicha
the attenuation is V¢ (where e 1s the exponential). Simila=ly,
Arsac [2, p. 239] has shown by applying Bernstein's thecren, -

r
P S B 1
vi2. AR}

case of a low pass filter and a signal zero for t < 0 and cconstant

t > 0, the time At necessary for the response function to reach its .
maximum is8 such that:

?

Y

1
B e

where B 13 the maximum frequency transmitted by the lowpass filiter.

b. Permanent range

As far as the signal is concerned, we have

i) == aglt) w gult) ©

L,(v) = 8y(v).Ga(w). "
with

o e — g,

' .8,(\')‘- ge" 3(v +"v.) + go"' Jv—wy, * (5t
T - . R Y
which leads to

Liv) = g & Gg(~— v9) 3(v + v9 '
7 + g e Gxlvg) 3{v — wk.

The effect of the filter is to modify the phase of the signzl
and to multiply its amplitude by: '

[Ga{~— vg)| = [Galv,)}



As far as the noise is concerned, its standard deviatioz is
given by (section IA):

© P M -4
A /:"' Al dy,”

with: e o )
CAly) = Afy).[Oun)

where A, (v) 18 the spectral energy density of the noise befcro sTCcCth-
ing. We will assume in the following that A (v) 18 constant § Zite
“noise) with the value A,, which leads to: 7

“A(v) = A (G

c. Electric smoothing alone

We could think of using exclusively an electric 2i1%ter cf wary
narrow bandpass centered on the frequency v _. Vg would thszm 44.3333
graphically the amplitude and phase of a period of the sinuscicdzl '
image on a portion of the recording corresponding to the perzanenc

range (or considered as such) and from which we could deduce tie

AT
R
‘.ﬁ”‘i’“’,\;&

e

amplitude and the phase of s (t) from the supposedly kzoun caar'ﬂter—
istics of the filter.

b
. ’j.‘.'
s -

~

For such a method to be possible, the filter should rnot te

too
selective in order that the duration of the fransient range not ex-
ceed that of the window of observation, which leads to the ccnc;*ion

1
B)—,—r-

For this to be efficient, that is, for this to allow us To co-

tain all available data without necessitating a supplecentary sTooth-

ing operation, the duration of the transient range shoulé be Just af

little smaller than T. Lacklng this condition, in effect, ol 21l the

recordings in the permanent range only an interval eguai t¢ cre ;eridd
of this signal would be used.

When, on the other hand, this two-fold condition 1is rul’illed,A ;
that 18, when the bandpass of the filter is of the order of i/T, then
the use of an electric filter by itself leads to a signal--o—noise

(HBI: -
RIGINAD PA! o _
%.-: POOR- QUALT ‘_ 23,



- ratio close to one given by the convolution with 0) = (2{T) eos 2=v,2:.

In effect, this solution is hardly practicable, because it
 requires:

- having observation windows of the sane duration T;

- performing, when T is very large, a very selective snoctb;ng
and then we come face to face with technical difficulfies;

- modifying the tuning of the filter as a function of Vg

d. Electric and mathematical smoothing

The convolution with g(t) = (2/T) cos 2xv,¢ 1is speciflcally appiicabls

as we have seen, to the case when the signal is sinuscidal. That 1

" when an electric filter precedes the recorder, the convoluticn czn

be carried out only on the part T' of the recording correspezding €
the permanent range

T T AL

With this generally negligible correction, the results ol sec-
tion 11 are immediately applicable.‘ We recall in particular {hat i
standard deviation of the noise after convolution with v(t)-(«'l')eu
has the value (from Equation U47):

emyfm
where Ao 1s@the spectral energy density of the nolse in the record

at the frequency v,. ‘With the notation of section.VI £b, we have

e Ao = At lct("')l
which leadsgto:

| \.J E’\ ﬁ c LA ‘Q'(“')I \/%
@é %}Ggé mﬂi -



Similarly, the electric filter has the effect of =uliipl i;g'ﬁze~§
amplitude of the signal by |Gafy)] - The result is that tfe finzl g

signal-to-noise ratio is practically independent of the charazter;stié;
of this filter.

‘B. Sampling Follovwed by Convolution with a Sinuscidzl dz7e.

When the convolution with a sinusoidal wave (or one
ations which lead to an identical result) is carried cut

form, we sample the observed function by seeking to give
ling interval t the largest possible value T,

Q

oS &
A

in &igitel
to

In a completely general fashion, given a function consistinz of
%1
the sum of a signal and a noise, a function to which we z2opi7y

& zZTen

mathematical operator, the problem of choosing the cazimum saipliizng -
interval is related to the following two-fold condition:

- as far as the signal is concerned, it should not have & e
appreciable loss of information (in other words, the saspling

skotld |
not noticeably affect the form of the final result);

b
B

!

E).

as far as the nolse is concerned, the standard devizticn :
after sampling and the application of the mathematical cperztor under

consideration should not exceed, by more than a glven percentzge

considered acceptable, the standard deviation that we woulié tave in'?
the absence of sampling.

B Ly oy

These conditions are independent, and lead to two dilflferexnt
values (To)srm“i(To)B’ respectively, where the optimuz interwzl

verval T . -

o
is evidently the smaller of these two quantities.

Therelore, ¢z
the condition that these calculatlons are present
simple form, the evaluation of T, can be carried out in = rigcrc;sm;%
manner: as the function is assumed to be sampled with an imterval
t, we apply to such & series of discrete points the math

in a sulficient

>
erT=el

operator under consideration, and we evaluate the result as far'as
it concerns the signal as well as the noise. ¥e can therefore

-
=

L :

Suige
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P

the degree of degradation in the quality of this result as z fufction

- of 1. and thus decide on the highest acceptable ‘value of T, 1.€., to-:

Ali this obviously assumes that the statlistical properties ol
the noise are known, and that we have a minimum of

ta on tks zna
lytical form of the signal.

In the case where this last cczniitionm

18 not realized, it 1s possible, in general, to evaluzTe (= %

c’s =T 7
proximately by a different approach: that of the sarpiinz tiscrem
of Shannon [28].

In effect, we know that when a signai s o(t} Eas ai
Fourier transform strictly limited to an interval B, an ‘"‘ini e ,f

ries of equidistant discrete values at intervals less than or eq;ut
to 1/28 1s sufficlent to define s (t) We have:

N in 27 B — E2B) -
"(')" Z (23) 27 Bli — B2B) |

as the 11m1t1ng case of the representation of the function

of translated values {3].

In fact, the duration of gtservzticzn

not be infinite, and the spectrum of the signal is generally not
finite.

The quantity 1/2B, meanwhile, represents a first a;;rczima;

tion, as far as the signal and only the signal 1s congerneé of »he
upper limit of the sampling interval.

In the_présent case, that of the convolution, with a sirusgida
wave, of the recording over a finite duration T, made up of the s

of a sinusoidal wave of the same periodicity and 'a staticnaxr
~ the rigorous evaluation of (<t )
difficulty.”

nary nelise
g and of (To)ﬁ does nct present acy
- For that of the signal so(t),'it is sufficient, as we
will see below, that the sampling interval by a submuitiple cf
T = NT different from an integral number of half periocds, for

result of the convolution to be identical to s (»). As o the evz

‘vation of {7 )B’ for the noise, it follows inmediately frc“ tie re
sults established in section I: (1)

g 4% @& function of bolkm
Al = AlGs(V)]?,

herice the energy respcnse in. terms c; Sreguernc
- of the filter which precedes the recording, and or c(v), t ke spect
of the function g(t) with which it is convoluted.

| 56 . yGBﬂAb TY
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~Therefore, let:

s— e -y

I(O - }: l.(¢.+ b 3¢¢ -f(t, 5 h)], . ;(;u)

be the result of sampling f _(t), taken on the interval t.*élé»a-m
with the sampling step being‘r-'h"l‘.!(n-l)(sect‘on I-C). %te tigrest

term in the series 1s taken to be (n - 2) instead of (n q 1) Tor tke
reasons indicated below.

This distribution f(t) is convoluted with: .

2
R A

The result 1s, as we can immediately verify, a sinusoidal wave o2 tm
form: ’

KO =o' 0ot 2m vy £ 4 ¥ vin 2% v, :," : .(31)
with

"""""‘ﬂ

a' --—- 2 [e + h)eoazxv.(t,-{.h)

(92)-
b' ';‘

- - o

&. Effect on the signal.

When the highest term in the series is (n - 2), the rcsilt i(t)'
of the sampling and of the convolution is a sinusoida’

ta‘ 3 ..A_Gs
to the sinusoidal object so(t)

» Whatever the number of
with the only condition that Tt be a submultiplé.of

from an integral number of half-periods.

sa=Tled roints,’
T = NI, cifferenmt:
Ve can show this sirpliy
by replacing, in the expression of the Pourier transform of

0.: Fat o
\wlte

"%i

I(v) == [B4(v) % H(v) e} .G(v), (1& “r

. &

the functions So(v) and G(v) by their values (Equations 35 ana.aS) i

-.and by: - = : - ) ﬁ}‘
HM sin x:::ml)r pto—tie . (93)

——r

5T



obtained from Equation (26) by replacing n by n-1.

e find tzat czdé%
the’indicated conditions I(v) is equal to S (v). |

Applied to the signal s o{t), the equations (92) therefore ;ro—
vide 1ts Fourier coerticients a and b (this result is given in

reference {1, p. 729] in a more general form, but with a sifzst

L error
As & result, we have:

SR
i
g

dmod ,
Wbt (c%)

]

where ¢} and e} are, same as €_ and.eb given by the Equaticns (73},

'the Fourier coefficients of the random sinusoidqliuave whick 1is
superimposed on the signal.

b. Effect on the noise.

The bibliographical references are the sane ‘2s those of sectix:

V-8B, and furthermore the conclusions of sections I, IX and V are

directly applicable. 'In particular, the standard deviaticn Cq at a

point located at a distance t + a from the origin ‘is glven cy tke
Equations (21), where H(v) is replaced by the expression (s33.

Putting .
, rv-r -=u
) m.f"‘ﬂ.
‘B—] =
we obtain

. 00 sin n"(w & 0.) ---:-—:
/ Ap) [(n sin (w+ u.)) SR
, (sm 7 (0 — @) ] : T

T ®’ sin (c»--m.)) | v

b Sl b e 0]
3 2 cos 41“.”1 2’ sin (0 4+ w,).n' sin {w ‘f'ff’o)] & .

RN
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Pigure 10. Noise energy after sampling at imterval T,
followed by convolution with a sinusoidal wave.

oMYA

When T approaches zero, we again have ﬁquation (37).. Szze as
in section II, the contribution of the cross-term is com,le-ely |
negligible, such that G is practically 1ndependent of a acc is eqmal
to ¢ such that:

?. A a .'.a -

('°°. smr(v-{-v.)(n——-l)"r ;::.“'"z
,6’-- ] A(‘)[((n—l)smx(v«}-v.)t) . s ‘

- sin =y — v,) (3 — 1) \*] -
. F ((g“—.f 1) sin ﬁv_—'rd_,f).] -

iy e

which can be written, by putting A(— )= A(), as

ot <= ot =
- o7 o (R iy,
with: B L
(n—1) % = NT,, '. (97)

AR

The function %JTﬂVHiaﬂich multiplies A(v) is showﬁ'in.?ig;re 10;;
It 1s perlodic, and includes a series of main lobes:, .
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- centered on the absissae:

¥ Ve ™ Vot PN

- of base Z/NTO
- of height 1

of area, including the related secondary loles, eguzl tz 1/E¥
P

The noise energy o2 is therefore the sun of the enersy c cor

responding to the central lobe, zand to the energy Ls? ccﬂre='f:aing

to the areas delineated by the lobes at absis,sa.e' -,;;,}e. in Ttz
curve A(v), the product of the spectral enersy degsitjfﬁ
noise before smoothing by .the energy response functicn in

frequency of the electric filter, |Gg(v)i?

2 <re
terzs ¢c2

. If B 1is thé Deximwm Sree
quency transmitted by this filter, it is sufficienu then Tnat tte
sampling interval be such that

"?B+Vo+ . (s2)

for the ¢? to be equal to om, the minimum noise- energy that we cczid
have in the absence of sampling.

In the general case where A(v) does not vanish btejotd z zertzir
value, we could evaluate, elther directly or in graphica* fer= from

Figure 10, the loss of information represented by the ratic Ac¥ec:

as a function of t. Such an evaluation is carried out in secticr T

in the case of smoothing by integrating over a finite nEe, which
seems to be preferable to electric smoothing.
c. Remark: case of a DC signal.

As the function g(t) is, in the case of a Dc signal, ed

lzc
m&-u- » Equation (95) becomes:
o= [ a0 (B2
@ result that was already obtained elsewhere relative to the stusy
summation (Equation 60).

£ 1S
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c. Quantization of the Amplitude.

Let 1 be the value, sampled at the abscissa 't + z7 ol “

1(t) = 1(t) 4+ y(t), the output function of the electrsc filter. " ZF |
quantization of the amplitude we mean the nunerical rep resﬂ»,azic' af
lk’ that 48, the operation which establishes é‘cogre

spcndence bﬂ‘weeni
1, and an integer L, such that R g%%
: . E:2
Lt""‘“ <I¢+—- R (99)b
o (eece 1 iy
where q 18 the width of the quantization step (Figure 11). - 3

This question has been treated by several authdrs (iS5, le anﬂ
in particular by B. Widrow [35], to whom the following Pesuits are fﬁf
attributed. e P

The nonlinear quantization operator has the effect of intridicing
an additional noise:

e s

Yi=le—bh
which in general is correlated with 1k'

Meanwhile, when the quantization step q is suf¥f ici°
relative to the range of variation of the noise y.,

ae.cea.se of
correlation is practically zero, and everything prgceeds zs 12 tre

L —

quantization operator behaved as an aoqitional source of.
pendent of Y

oSfca "'—"‘ay.

Pt —— SRR

K* Under these conditions, the probabilit7 density :f‘»

Yk is uniform over the interval - q/2 to + q/2 .and 1is .Zero :°3
that:

b s
’

?‘Y,l) - ;for—Qﬂ <Yl <+'r; . . . {:al’
=0 for‘Ytl<412- L S e : i

From this we deduce the average value and the stannsrd deviatinn
of Y with the use of the definitions:

~
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v -~

. + freco PO 1 s Y .ILKI ",l. .-’ ?' )
Y = [ newadn AN P
© 7 peen : Coer A i i
o, "fq- Y, =) (V) &Y, - L L e - 2 ‘% :
which give: L 3 ol § .
v -3 -2-41} Y 1 2 3 Gt
Yb -0 I 1; . -a'—i"
‘ - ‘-_g-:’, (102) (t . .. ;
o5, = Viz i .:'[ 4
We put ‘e,=9, to emphasize ’i o i‘&

N £ g = - .
that it consists of a standard = -
deviation due to quantization. Pigure 11. - %ne a:plitu,° q‘antit

zation principle. %;

In the case where y(t) is B ’%
gaussian, all this 4s applied with a very good approzizztic = wken N
the quantization step is less than the standard deviation ¢, of 7(t).
that is, » . '_1 .
I <O ' : ___;

. 1)

After quantization, the total noise that affects sk_is: o

T 2 C 10

h=n+ Tl . : . (103
with a standard deviation of_ » B

& = VA + %
which approaches o, as the ratio q/o becomes smalle‘. Purltzermncre

the probability density P(yk') is equal to the convoluf;on TTodIst ¢
P(y,) and P(Y, ).

Quantization and Summation.

From the preceding we can easily deduce the stat sfical BrGE
erties of the average:

Py R=1
I«-‘ z L,

N =0

where Lp 18 the quantified value of 1_ =1 + vy

at- the'absciséa
{o+ k7 — p(n — 1)r; with k constant and ( n - 1) <

= T «  This is tza
type of average that we take when we are perfcrming the conro;c;io

62



of 1(t) with a g(t) = (2/NT.) cos 2rvg de Kf) on an 1n..erva1 w2 (sect cioms!

IT and III). We recall that 1p is then a conspant_snich.we *111 ;%,c
designate by 1. . .o ) ,f
Onto the signal 1 and the noise ys —‘E.rn we .mer‘fmg‘f"f"
the nolse of quantization:. ) . " ‘
Yi-%ElY} : . - .(13&?;

As the random variables Yp are independent, the ,ﬁo*’~‘ o

density P(Y ) of YN 1s equal to the result of the convoluticn ,-uc:ct

of P(Y ) with itself, carried out (JI-1) times. in other worcs,. the -

Fourier transform, or the characteristic function ?(Y ).
- S e o av,.

is equal to the Nth poaer of the characteristic functicn g{u) cf ?(! }-

— -

.?(“)xf-[?(ﬂ)l"-—ﬁ“i : .

We see in Pigure 12 where P(Y ) is showr for differnnt
N, that this probability density very rapidly ap oachﬂs
curve as N increases.

wzlves of
~—~— e ® - .

This can be shown quantitatively {,3- tF ﬁ
comparing P(Y ) to the gaussian distribuuion having the szxze cYE‘aSE

value and the same standard deviation, by means of a devexc;ze hGe 57
Gram=-Charlier {1].

Under these conditions, we could immediately evaluéte

of the width of the quantization step g on the final s
ratio.

tte e‘."fecti
fgmzi-to-ccise
~he total noise, after quantization and, suxation,
oy two independent gaussian noises:

L - &%
e .:‘.& m

the physical noise whose

_ 1S e e:ergy ;
13 given by Equation (60) and (62), has the value: - ‘
, < R
\*) sin v XT aq .
o B e 0% / A()( ') o~ N
_ ».h—" 6093)/ N mmfl'. N
IR~ R



and the quantization noise, with e
the energy equal to: '

rYd L v ~
% (Y}

oy

s

ql
(o = 2%

This resultant noise is also -

gaussian with a standard devia-
tion of:

. N 1g .
°-~V°§-+(c.)§=.=cy\/l+ﬁ% T

_2.

Pigure 12. P"Ouauility Zersity of

the noise af quantizzticn, s =z
function of the nuxber of aliitio
The ratio ooy 18 practical- al samples.

1y independent of N, and we will

designate it by d'Jo, ¢ being the standard @eviation'that we woull
have in the absence of quantization:

_ ,—-———-—x'+‘lq ' (105
o~ 2—6—3 . i

This quantity is shown in Figure 13 as a function of c.”
ratio of the standard deviation of the noise in the receriins

al

F =
tha

erad ¢
width q of the quantization step. Ve see that there ;s it<is Z¢
be gained by taking q smaller than .. ZFor.g =00, the fipal stenda

deviation o' 1s greater by no more than 4% than it would te Iz the
absence of quantization.

D. Pre-Smoothing and Quantity of Data to be Used.

The essential role of the filter that précedes recoriing iIs,

we have seen, to reduce to a minimum the quantity of 'ta ¢ te us
in the calculations.

ﬁ

S . - dan
£ usell 4d=%

This reduction in the quantity
SnoWws up in two complementary forms:

the samplidg and the guantiz
tion.

Both of these operations have the effect o; Introduc

ditional noise. As far as the sampling is concerned, the intervzi
T, corresponding to a given value of such an excess noise, is very

o = 2

T
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nearly inversely proportional to
~ the bandpass B of the filter. On g
"the cther hand, as far as the

‘quantization is concerned, the

Shlosd

: ol
step q is noticeably proportional

to /B . On balance, these two Y|
operations show that there is an - -y
‘advantage In using a filter with ’

O

N y Vs ebean o BTN
SNV T e e

-3

as narrow a bandpass B as pos- - Pigure 13. Reiative inzrezss
» . the standard deviation cf the
sidble, but not too close to the noise due to quantizatics.
inverse of the observation dura- e
tion (by reason of the transient
range).
On the other hand, from the fact that the sarpling noise zzd |

that of quantization are independent, the standard deviati -
sum 1s equal to the square root of the sum of their énergies. ic

therefore 18 useless to try and reduce one noticeadly zore tiz=x thef
other..

Given the characteristics of the filter, and the accegtzile
excess noise energy having been defined, the values of 1 2z ¢ czn
then be deduced. Taking into account the initial sigmal-tc-coise

ratio and the duration of observation, we can.tpéréfoge evaiuzatle thgf
quantity of data to be recorded.
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VII. SMOOTHING BY INTEGRATING OVER A LIMITED RANGE.

The use of an electric filter as a means of pre-s=octiirg
represents a two-fold inconvenience: "endowed" with a tizme ccristant,

C e

such a filter has an effect on the characteristics bj eplzsins

signal and by having a non-limited temporary zenof7: ttat cz= Ze
annoying in case of external noise.

"
F's i
. R

There exists at least one form of smoothing that zt ©

Za zzre
time performs the sampling function, and which dqes not . hz Lzese
defects. It consists of transforming the continuous funeiicz fd(t)
into a function 1(t) formed of discrete equidis»anu po;nts &t Izter-
vals t such that: )

, - - ) -
:u.+ by = e 148 . (206

htbr—2

0 ey e £

The point l(t + k1) 1is obtained as the result of 1u--5¢,v;ga »
r,(t) in the interval T about the point t_ + kt (Pigure 1%)

In practice this situation can be realiied, fcf ex;;,le b}
means of an analog-digital converter based on a. principie of
ing a voltage into a series of pulses which is propo.u;onal ts it.

By accumulating these pulses in a counter, during the ti~9 irtervzl
1, We obtaln a number proportional to l(t + k1).

onTeED

Ln&3 ‘teczznicue &
for example, been systematlcaliy employed by the h¢t10n31 Fo—Tahd

cio
Astronomy Conservatory at Green Bank.

The transformation of f_(t) into 1(t), defined above,
represents the combination of the following two operations:

z.m--/"m 1o

Uy = E bty + 23l — o+ B0}

The first one carries out a linear smoothing. The sécozs cae
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is a sampling, with stepsl of
cwe NT,/(n —1);; OVer interval

3, %11+ NT,, (section VI-B,
Equation 90). e

A. Properties of Linear : TR
Smoothing. : ' e v "
Figure 14, Sms.h‘n Tincizle
Equation (107) can be by using’ integra..ion o. Iixites
written as: range. ) o
1y - f ,,(z-o') K 40 o
with: Ko) -1 for...- <0 < + = ;
- ofor [6]> ; N
We therefore have, by putting g() = (/9 E(:zf:'
. 1() = /o) * g0 P
and linear smoothing of the gain: - :
T ein v .o {1493)
G(V) -‘m m. N . .. 7
- m :

- -

a. Effect on the signal.

Since the gain is real, the sinusoidal wai\_re' is rep'-oc‘.ucﬂd plwe
out phase shift, but with an amplitude reduced by a ratio of S0 gl

b. Effect on the noise.

At every point, the standard deviation o; 1s given exsc‘ly [ox 435 ‘* :

-f“A()(““"’) dy,".‘.. ' S ) (110)

- s o

vwhere A(v) is the spectral energy density of the noisé
of the integrator.

D et Ao

: e LS :m¢
Such smoothing by integration makes senss caly -
1f A(v) is practically constant in the frequency interval 's'::.e*e

{da=vx/mvr)* 18 noticeably different from zero.

Therefore, oz va*y

ya—

g7
-2

P



good approximation, we have:

L& | - (121)
la‘_'_‘ -2—1. : . i

where Ao 1sfthe spectral energy density or the no;sexgz.rrequenﬂy'zei

By the way, we obtain just such a standard deéviation wken ws
integrate_a'DC signal over a time interval 1.

. e
. - . . . ""‘:_--,—' ‘__:__m
B. Integration Over a Limited Range and Convo;:t; T 2 —1

First of ali, we have to note thzt the useful observzticn dura-

‘tion 18 no longer T = KT, but a T' between T and 7-t, because 4 the
fact that the two ranges of integration at the extre:if*ﬁﬁ ol tre

interval of observation could be truncated, hence, unuszble.

(This amounts to an effect analogous to ‘that transi-uu ™ gia*

in the case of a physical filter.) 1In fact ge;generallyanc7e T xel

smaller than T and this correction will be omitted in the fcllciing

The function 1 (t), the result of a linear 5:00uh*n5 cZ (*)

by limited range 1ntegration, 1s then sampled,. per Equaticn ’1& ),
and convoluted with:

[N

. 9 S
'g(t) ey cos 2 vy b

The equations of section VI-B are directly aﬁplicable BT 4e01.
ing ro(t) by lo(t),‘and in particular, A(v) by:

B = A G*(v) =, (““‘_:._") o

After integration over the limited range, sampling,.znd coavo

tion with 8 sinusoidal wave, the standard deviation ¢ at alli toint
- 1s then given by°

| ORIGINAL PAGE IS
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:'«G’ tl/:““ A(') (l:_n:;ﬂ'}"') ’ L et . _ :2)
‘ - i (uin ﬁv - v;) (n —1) .,)z & = .
' (h—Npin=v—vdz

4

which we have represented with a hatched area in ?igu:e‘Ié.

When the interval of observation nT, is much greater than't, -
which is generally the case, the width of the ha‘ch:arkeé lczes is ;
negligible and Equation (112) can be written, with very 5pcc ap~
proximation, as: -

A, = [sin v, + HR)T\?

o= i\*r"n.z.“.»( Hve + B 7 )

-

or:
o () L () a1
¢ N_To NV T re—oo \1 + H""‘ . ..,...._..

-

The minimum noise energy that we would have in an interval T

approaching zero, is: A

‘and taking into account that the energy of the signal.is isc redzced

by the ratio:
‘, (_: -(mr.v.-r '
s) = ().

the relative excess of noise as a function of T is £inally givexn ﬁy:f{

ERT e

;u:y

Figure 16 represents the ratio ¢ /9, as a function of T /<,
) the number of 1ntegration ranges per period of the _sinusoldal w*ve-*éi

From Figures 13 and 16 we ¢an therefore determine the combined

'v;iﬁgi;i{
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3

Figure 15.

effect of the quantization and
the sampling inherent in integra-
tion over a limited range on the
final signal-to-noise ratio.
Having plotted on these figures
the ordinates corresponding to
selected values of ¢ /q and T /T,
we form the sum of their squares.
As we have seen in section Vi-D,
the square root of this sum is
equal to the ratio °T/°m’ that

of the final standard deviation
over that whlch we would have

found in the absence of sampling
anc quantization.

| ORIGINAL PAGE B
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~13
o

Noise energy after smoothing by integrztion P
range followed by convolution with a sinusoldal wave.

208

* .
P ) . k3

liziweg

0k

im

Figure 16. Relaaivo fnere

the standard deviation’ c-
noise as a function o tze rz:io

To/T of the period-of the sizzal
to the width of the windsw of !
integra»ion.,.j'



VII. AUTOCORRELATION

This non-linear operation is considered here only for tze sz¥e

of completeness, ‘because it is much less eil £ficiént tnan cenwsiution by

glty = (2/NT,) -cos 2xv 2« Furthermore, it involves ioss of all InZ *—.n-—_,%

ation about the phase of thils signai. On the o'cber hznéd, sucz =

C I =

process presents the advantage of being able to be a,)pleed ;..::e;e._d-‘\"'ifv

ently of any initial knowledge of the period 7 llv of tre sizmzl

and it allows us to evaluate T . As such, au..ocorrela“”'

ticn Iz Tsseldul

essentially as a process complementary to convolu»ion, wnich ziicws -
us, due to its initial approximation of '1‘0, to use the latter,

Let () = ‘st) + z,(¢), be a sum of a sinusoical signai of -’re.,_.ney
v, and of a noise x_(t). We first of all assume that f (%} Is c¢2-

served over an infinite time interval. Its autocorrelatiicn f::nc.':idn
is by definition: . T _ :

Pl.(ﬂ T__)wf ’l(‘) Io(‘+ 7) d‘

e ==I.(t) I.(H-'r).
of}: R

et e A

P:.('f) = [a() + =4(0)] (a4t + ‘t) + x4 ‘F)l-

.

As the signal and the noise are independent this averzze is
equal to:

RACETACE A NON

the sum of the autocorrelation function of the signal and of tae
noise, with:

ple) = B oo 2rvy T & 918 008 Byl -0 + ) -

s
==-2-eos2:v,'=. _

Figure 17 shows ,,(x) and we can see from 1t that f

riciently large t (of the order of the inverse of the ban
filter), this function approaches ($32) cos 2xv, <.

ORIGINAL PAGE IS
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 deduce Vo and S.

- and to subtract it from p. (%)

one hand, f(t) is sampled at

. ratio S/¢.

We could further
avaluate ¢u{7) ' independently

either by calculation or from
recordings of the noise alone,

in order to obtain pfs) directly. | 7 ~F \/ 3
: . ‘ ' ".m - Te .- : A
. ‘ g o -wﬁ
The interval of observa- .Vigure 17. . Autocorreliticm oz~
tion is in fact limited, and - tion of the suz cf the sinuscical
the result is, on the one hand, wave and ot noise.

a distortion of pf1), and, on

the other hand, a certain dispersion () of ‘the. vala.s o #A=)

relative to the average p.{r). This dispersion‘is, in e;;e-u, 2

function of T, since the interval of observation on vh‘cn A - is’
evaluated, is 1tse1t a function of T: : :

py('r)=j..: fd e+ v de . . e

It therefore seems to be difficult to evalua»e the statists

properties of S' obtained as a square root of the amplituée o ,AJL

Y. W. Lee [16] has studied the particular case whefe, cn.tae

random intervals suf? 1cie L1y wile'so

that the values of the noise should be independent, and 4 3

hand, the number of points n sampled for °va1uating"é(
same regardless of 1. Under these conditlons, he has ev
standard deviation Sp of the values of _gk1

relative to to
and has compared the ratio S¥m

to the initial signazi-to-ncise
The quantity: -

Sto,

=g

which expreSsed the degree of improvement in "vis*b;‘i‘*“ e- tze

nal relative to noise, provides one indication of the gair
by autocorrelation.

n

-

n ecklieve
Y. W. Lee has shown that £y is ‘m’:"’2 a2 funetic
and of S/¢, and can be less than 1 when the number or po.nus sampl

is 1nsufric1ent taking S/g into account. Horeover, cozpared "to %

™

2



convolution with a sinusoidal wave, carried 6qt.u3;er»tne szze rerdom
sampling conditions, autocorrelation leacs to a.lqsé of ®wiziziiicy™
which 1s greater as the initial signal-to-no;s;'rat;o i;-s:al:er.

For example, for S/¢ = 0.1, we need 100 tices ﬁqre ;QZn;;'in'tZQ :
second case than in the first in order to obtain the szde gzin of IC.

*
.

Finally, we f£ind in [17] the following eguation: .

_‘(9 "-\/z-| (;)t

expressing the relative gain of the convolution wita rTespect <o Zito-

correlation in the case where the sampling is,perio&ié, an¢ tze otzer
initial conditions remain the same. )

%



f'random function:

APPENDIXL

=T -

CURRELATION COEFFICIENT BETWEEN TWO VALUES OF @) SEPARATID =¥ <.

With the notation of the first section, ané with relersznze o

Figure 2, we propose to evaluate the correlaticn coellicient :e:v::nﬁ;
two values  y(t, <+ «) and (o< a 513 of. the non-stztionzry

3

(0 = [2d0). 5 — 9] % 240 .

As this correlation coefficient is defined by the norzalized

uantity: > -
.. Quantity: Ry

c‘(""‘n.m) R '€$-1_:

we should evaluate: _ . . \
R‘(ﬂ‘ =y lle + %) Yy llo + = + 1), . .

with the average taken over an ensemble of trials obtained b7 v&r?fj
the central position t, of the window h(t-t ) fron—oo to ﬁ-co . P
Equation (13) written as. . g

s
S —— — .—.—.

u«) -f z.u—e)m-—e—-t.) me)a.

we have by definition:

Zfle+a—O) xlty + T —&) - . o
| Ma—0) Ma + v— ) g(6) X&) GO T .

Now we perform a change in variables:

=0+,
wh;ch leads to: .
B.(e):.[f P(t—f)dcf_:i(é—ef .G

o0 hla A+t — 8 — ) 0+ W)L,

T4



The second integral is the scalar product§

™

1, = < bz — 6 7(8), )

. Matr—b6—2) g+ >
of two real functions. We can therefore express it in the Zcr= cZ
a scalar product of the Pourier transform of one and {Ze coxjiz=~e

of the Pourier transform of the other [21:

I, = < TP {ita — 6) g(8)} o (2-6),
TP a4 t—0—a 78+ al>, =

Taking into account Equation (18), we have: )
3 B D (2-T)
TF (A« — 6) g(6)] .
=BV e=sG =dd .
TF* (hle 4+ = — 6 —2) 918 3 ¢} , .
= ¥ | [H(—vj e%"+7] 4 G(v) }* -
= ==L 0 o
which leads to: ’ ‘ I
I = < L0) e==000, >, |
and

Rul7) = _/::o ;(: —) e =™ da; . n . .
S ) Te o

- -

(1-8)

Now, with the change in variables:
g~
Equation A-8 can be written as:

+ . .
Palz) = [ ‘:’ pls”) ePmiv” &2’ -

_/_: T e = 2y,

with, analogously to Equation (7):

-/‘0“ . o &' 1 A '
oo e e ==§ {v).

Finally: : (2-9)

Rett) =5 /7 ABI IO ) e iy

)
Wi



We can verify that, by setting 1 = 0, we indeed have the Zcuzzig
(20):

. -
Ry0) = 62 = ./. A dv.

A=nlication to the Case of Convelution with a Sinussidzl ¥z71=z Wi
Limited Recording Duration.

The preceding 18 applied to the particular czse consifsrsZ I

section II: the recording of the noise x (t), otserved cn a= froemy

T, 13 convoluted with g() = (2/T) eos2rv.ta- Under {hese ccniltic

Li

sin ; v+ 90 T K ivrwm ‘ (35)
Jalv) = v+ vg T e
sinw{v—vg T __.
+ wv—vd T e ( -

By replacing in Equation A-9 the functlons J_ 0 and Ji.0)  3j
their values, we obtain:

zin (v + v T\*
Rty =1 [ A(v)[( sl )

mine {0 Y —v) T\2 S -
< +('.'-’w——v.)'f =1 - -

2 sin ®{v 4 v) T.sin wiv—vg T
v+ v} T.r(v—v T

cos 2muglx 4 < S

Neglecting the cross term, which is szzller as T is &=

ezter e
ative to llvo, and as we have seen in section II this~ eq' =2tisn t=zx
the approximate form: - ‘

Rt} == B{x) = cos 2mvy <
B f8in =iy = v T2 . g
A _.____.__.'___.) : _ {%-
./-eo (v)[( wv v T |
. (.-in::(v-——v.iT)’ é
T\ mav—~gT } o
Ircn which_we get the value of the ccrrelztion _céei‘f‘iphi_e::t.:v
o \C.(') Cin) =—‘fl = cos 2xv, 7. .
ORIGINAL PAGE IS R(0)
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